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Abstract

Resolution of the equations of the quasi-ideal chromatography model at
finite concentration is possible in the case of a finite pressure gradient in the
column provided the elution does not change the pressure profile and the
pressure variation inside the solute band is neglected. A study of the solution
shows that there still exists three models of peak migration, as in the zero
pressure gradient case, but that the pressure gradient enhances the isotherm
effect. It is not possible, however, to account for the effect of pressure gradient
by using an average pressure because there is a convolution between the
effect of the pressure gradient and a nonlinear isotherm. Analysis of the
double-shock propagation mode and the determination of the limiting tran-
sition conditions permit accurate measurement of the curvature of the isotherm
at infinite dilution. The experimental results (variation of retention time with
peak height for #-pentane in squalane) are in excellent agreement with the
predictions of the theoretical model.
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INTRODUCTION

In two previous papers we have discussed a quasi-ideal chromatography
model for large concentration bands (I) and studied some of its most
important properties in the case of constant pressure throughout the
column (2). The model neglects the kinetics and diffusion effects on band
spreading, which are second-order, and focuses attention on the first-
order effects arising from the very existence of a finite concentration of
solute in the gas phase (/). The consequence of this simplification is to
make possible the appearance and propagation of stable concentration
discontinuities.

The conditions of stability of these discontinuities are determined using
a stability diagram (2) which allows a qualitative description of the progres-
sive variation of band shape during its elution while a quantitative, but
numerical, description can be obtained from a computer using the equa-
tions of the model (3). We want to discuss here the application of these
results to the case where the pressure drop through the column is not
negligible. We shall successively show how the stability diagram and the
transition range can be defined and used in this case, what is the influence
of the pressure gradient on the elution, and how these results can be
applied to account for the variation of retention times with sample size.

Since in this case the effect of the pressure gradient along the column is
accounted for, it is possible to carry out the experiment under realistic
conditions. The results of these experiments will therefore be compared
to those of the theoretical calculations.

THEORETICAL
System of Equations and Resolution

The model discussed previously (/) assumes that the mobile and
stationary phases are constantly in equilibrium and that the local pressure
and temperature do not change during the elution of a large concentra-
tion band. This is a rather crude assumption, but consideration of the
time dependance of pressure would give an untractable set of equations
except for the case of linear isotherms which has already been considered
(12). As we are now considering the interaction of nonlinear isotherms and
the pressure drop, we shall neglect the time variation of pressure which
can appear, in fact, as a correction to the following treatment. The pres-
sure profile will thus be the same as in steady-state conditions for a flow
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of pure carrier gas (4):
PP =P - Z(P* - 1) M

All pressures are given in relative units, with the outlet pressure taken
as the pressure unit. Furthermore, the carrier gas is assumed to be ideal.
These assumptions yield the first set of equations describing the model
which includes the isotherm equation (Eq. 3, Table 1). The other equations
are derived from the mass balance for the solute and the carrier gas (Egs.

TABLE 1

Mathematical Translation of the Quasi-Ideal Model of Gas Chromatography
at Finite Concentration

General assumptions:

pP=P—Z(P 1) ¢)
¥ =55 = xin @
Ya = Ya(XaD) (€))
T = T, = constant @
Mass-balance equations:
F, X continuous F, X discontinuous
t+ra-0ZE= X = ”1 ®)
aZ kz
1+ 22— (1 —-X,)
,OX _ _OF X, X% X
pk == ©)
o~ Bz - Uz
2a” 1 1 T T Rk g _xy i
— 7 /A - —_ 1
K ko 7A1+XLdi )’A(I-J(Al')z A;z——Xl L
’ P )’Am X
ky = A AL
(7a) 1=ko p 1—Xa, (19
;s ’ @ 1 1 —_ 4 PAoyAm XA,IL
kK = ko 7N ———dY (‘I—:W (7b) kz ko _'—‘p "————1 ""XA,zL (11)
XAL
Boundary conditions: .
u®©, 1) = w, (12)
t=0 Xz 0 =0 (13)
0<t<t X(0,1)= X 14)

t>71  X0,t)=0 15)
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5 and 6, Table 1) and from similar equations in the case of a concentration
discontinuity. The retardation factors express the retention of the solute
by partition with the stationary phase.

In the chromatographic conditions (P > 1), Eq. (1) is a one to one
correspondence between p and z. We may thus study the propagation of
chromatographic signals in the space (¢,p) instead of in the space (z,),
the advantage being the elimination of the square-root relationship. Let

2L
0 =317 (16)

Since (0X/0t), = (6X/ot), and (0X/0z), = —(0X/dp),/0p, we can easily
transform the equations of Table 1. Only Egs. (1), (5), and (6) are changed:

z= g(fﬂ - p? Eq. (1) » Eq. (17)
o0X X
2 ’ — — .
0l + K( = X5 = F5 Eq.(9 - Eq.(19)
X OF
250 L e
0p°k' = % Eq. (6) > Eq. (19)

In this system the variable appears in the coefficients of the partial deriva-
tives, the opposite of what happens in the simplified system obtained by
the assumption of a constant pressure throughout the column (2). Thus
it is not possible to make direct use of the method of characteristics (4).
To do this, we shall assume that the pressure is constant along the band.
Before going on with the calculation, we shall discuss the validity of this
assumption. The maximum pressure difference between the points at the
front and rear ends of the peak is observed when the front is at the column
outlet. This pressure difference is then

P2 — 1As
Ap = R (20)

In conventional preparative chromatography, P is usually between 2 and
3, the outlet pressure p, being the atmospheric pressure, and the ratio
At/tg is between 0.1 and 0.2. In these conditions, Ap will vary from 0.1 to
0.5 atm. This is small compared to P — 1 but it is not negligible, although
it should be noted that Ap is much smaller for most of the column, since the
nearer the peak is to the column outlet, the wider the peak and the steeper
the pressure gradient. Because the effect of the pressure gradient is the
integral of all local effects, we shall neglect Ap as a first approximation.
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Consequently, the value of £’ is assumed to be independent of the pressure
along the peak width but not along the column,
If we eliminate 0.X/dt between Eqs. (18) and (19), we obtain

1 oF k' 7). 4
Fop 1T+RA=-X)p @0
which can be integrated at constant time:
¥ kdx
F = F(t) exp(L T+ 00 -0 X))
F(t) is determined by the boundary conditions and is kept constant (Eq.

12). It is then possible to define the apparent transport velocity associated
with the mole fraction X in the space (z,p):

. (%) _ @xjon,
= (at)x @X/ap), @3)

v* cannot be measured directly since it is defined in the space (z,p), but
it can be derived from experimental measurements when the pressure
profile is known. Then from Eqgs. (18) and (22) we can calculate

X pax
FOP L, TyRa - x

6P 1+ k(1 -X)

22

v*(X, P) = — (24)

This relationship permits calculation of the variation of the peak profile
during elution along the column by an iteration process. This equation is
very similar to the one obtained in the simplified case of constant pressure
throughout the column (5). This result shows that the study of the pro-
pagation of a finite concentration signal in a column with finite pressure
drop will be similar to the study made with the assumption of constant

pressure.
If there is no discontinuity, the residence time of a mole fraction X
will be given by
Lgp
Iy = jp pry (25)

or

0
7 (26)

tx

j" 1+ K(1 - X)

Jﬁ Kdx |
KP o T+ /0 = X)
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This relationship is valid only if there is no interaction, even temporarily,
with a discontinuity, i.e., if no discontinuity occurs during the elution of
the corresponding side of the peak, the shape of which is then determined
by the equations of the continuous case. If a discontinuity occurs, Eq.
(26) is no longer valid, even when the discontinuity has collapsed. -

It will be noted that if X becomes very small, the limit of Eq. (26) is

L r
to =173—2u—i(1 + ko) 27)
where
., mP'—1
Jm = nP"—1 (28)

which is the conventional retention time in analytical chromatography,
a result which is obtained with a very similar model in which equilibrium
is assumed all along the column between the two phases at any time,
and the pressure profile remains unchanged.

Equations (24) and (26) account for the propagation of the continuous
profile, We shall now study the propagation of concentration discon-
tinuities.

Propagation of Discontinuities. Stability Diagram. Transition
Range

In the (¢,p) space, Eqgs. (8) and (9) become

1 F,
*® =
T 0p1+________k2—k1 l1-X )
X2 X1 ( 2)
1 F,
* o ——
V" = Bpl k, — k, L~ 1 (30)
+ X2 . Xl( — 4y
where F, and F, are given by Eq. (22) with the consequence that
* 1+k'0-X
DRl @
1 2T M _
1 +X2—X1(1 X,)

which is identical to the equation obtained under constant pressure con-
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ditions except for the appearance of the factor p (2) and the dependance
of k on p.

Thus there exists at any point of the column a local stability diagram
identical to the one obtained at constant column pressure, and having
the same properties as those described previously (2). But since k; and k,
(Egs. 10and 11), k,” and k,’ (Eq. 7), X,, = P°/p, and the ratios v;,*/v,* and
v, */v,* all depend on the local pressure, the conditions of stability of con-
centration discontinuities will change progressively along the column. The
study of the propagation of the shocks, as well as of their appearance and
destruction, will be much more complicated and in practice will make
necessary the numerical solution of the equations. The transition points,
for example, defined as the points where dv/dX = 0 in the constant column
pressure assumption (2), depend on the pressure at all boundaries of the
stability diagram, except the bisector, It is possible, however, to give a
general definition of the transition range and to study its boundaries.

The mean transition range along the column is the set of experimental
conditions (p, P,°) for which the equation

(where ¢y is defined by Eq. 26) is satisfied for values of X which are physi-
cally ‘acceptable. This means that if preparative scale experiments are
carried out under experimental conditions (p, T) which belong to the
transition range, a rectangular injection, or part of it, will be eluted
between two discontinuities, with a minimum change in shape and there-
fore with minimum spreading.

Differentiation of Eq. (26) yields

k'
s grp (=X 7p—2%
‘a—X'=FL a1 P =0 33)
X Hol Iy —-X)]

This equation permits calculation of the experimental conditions (p, T)
which belong to the transijtion range. We first observe that the limit of Eq.
(33) when p becomes unity, which corresponds to a zero pressure gradient,
is the same equation which gives the transition points in this case
(k' - (1 — X)dk'/dX = 0, Ref. 2; Eq. 26). This shows that the two
definitions are self-consistent.

The limit transition conditions are those for which the origin of the
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stability diagram is a transition point in the constant column pressure case.
In the general case they will be such that Eq. (33) has X = 0 as a root.
This equation can then be written as

r dak’ , 2
Using Eq. (7b) (Table 1), Eq. (34) becomes
P Y "
j 1 [—Pfyo,< - ﬁ) -~ 2] Prdp =0 (35)

where Y’ and Y," stand for dY/dX* (X* = 0) and d*Y/(dX")* (X* = 0),
respectively.
Integration of Eq. (35) yields

1 Y."
4~ (o 20 ) __ 9
J3 PO YO,<2 YOI) 2 0 . (36)

with j,* given by Eq. (28). Equation (36) relates the experimental condi-
tions (p, T') under which the peak corresponding to a very small sample
will migrate without spreading due to thermodynamic effects. It also
relates an experimental phenomenon to the curvature of the isotherm at
the origin. Furthermore, Eq. (36) allows an easy determination of one of
the boundaries of the transition range, and therefore an idea of its position.

Finally, when looking at the origin of the various terms in Eq. (36) [the
pressure gradient (j3*), the isotherm effect [(2 — Y,"/Y,')/P°Y,’], and the
sorption effect (—2)], it is seen that in the special case where X = 0 at the
limit transition point, one can write

(effect of pressure gradient) x (isotherm effect) = (sorption effect)

Although the validity of this relationship is limited to very low molar
fractions and to certain values of T and p, it illustrates the general trend
of the influence of the pressure gradient to enhance the isotherm effect.

Influence of Pressure Gradient on Band Migration

This influence is complicated. The calculation of 0%ry/0PdX, which
gives the influence of the pressure gradient on the residence time of mole
fraction X, is tedious and of limited interest because it also incorporates
the direct, mechanical effect of pressure on residence times which is taken
into account under analytical conditions by the James and Martin term.
1t shows, however, that this second partial differential is usually negative.
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In other words, the pressure gradient will usually increase the isotherm
effect, and thus the peak will lean backwards.

If for a zero pressure gradient the propagation is controlled by the
isotherm effect and the band has a shock at the rear side, an increase in
the pressure drop will enhance the phenomenon, which will appear sooner
and remain stable against the influence of diffusion and kinetics for lower
partial pressures. Conversely, if the sorption effect controls the elution of
the band at zero pressure gradient, a shock appearing at the front side
of the peak, the effect of a pressure gradient will be to make the shock
appear at larger concentrations only and to degrade into a continuous
profile earlier.

When the isotherm is not linear, the origin of this effect is obvious: &’
increases with increasing pressure at a constant mole fraction. The larger
the column pressure drop, the larger the weight of this nonlinearity of
the partition process and the larger the isotherm effect appears to be.

If k&’ is constant (linear isotherm), Eq. (26) can be integrated to

Ll (PP D) [1+ K= X))
XT3 PP 14k

which shows that ¢, decreases with increasing X and 0ty/0X decreases
with increasing P. The trend of a large concentration band to become
asymmetrical with a very steep front profile will also decrease with increas-
ing P, making it look as if some isotherm effect were present.

(37

CONCLUSION

It is possible to take into account the pressure gradient in the study of
the propagation of signals of finite concentration through a chromato-
graphic column and to obtain relatively simple equations if we assume
that the pressure gradient is independent of time and that the pressure
difference between both ends of the band is negligible.

The results obtained show that it is unjustified to assume, as has been
done previously, that the pressure drop has no effect or practically no effect
on peak broadening and deformation. Quite the opposite, for Eq. (26)
shows that the influence of the pressure gradient is important and cannot
be accounted for by the use of an average pressure of any kind. In fact,
there is a coupling between the isotherm effect and the pressure gradient
much as a convolution. This alone casts considerable doubt on the general
validity of most methods of determining isotherms by using gas chromato-

graphy (6).
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It would be possible to solve a more realistic model which does not as-
sume that the pressure drop between the front and rear side of the peak is
negligible, but. the calculations become so much more complicated that
only numerical calculations are possible and would take a great deal of
time, The improvement does not seem worthwhile, except for columns
with very low permeability, which should be avoided in preparative scale
gas chromatography anyway because they have quite a lower productivity’
than those with a large permeability (7). It should be noted that in such a
case the concept of the sorption effect should be slightly changed. This is
the effect on the kinetic momentum of the carrier gas of the mass transfer
between the two phases. This momentum depends on the local flow velocity
and pressure. When the column permeability is infinite, the effect on
pressure is zero and the sorption effects result simply from the change in
velocity of the gas phase. When the pressure drop becomes important,
both the local pressure and the velocity change.

Only the pressure would change in a closed vessel. It seems that in
most practical conditions in which gas chromatography is carried out,
the column permeability is large enough so that only the gas velocity
varies and the pressure can be taken as a parameter.

Experiments have been carried out primarily to study the newest and
most unexpected results of these theoretical developments: the limit
transition point, the variations of the retention time with sample size in
the range commonly used in analysis and immediately above, and the
relationship between these variations and the curvature of the isotherm
at the origin.

EXPERIMENTAL

The chromatograph was built in our laboratory, using a thermal
conductivity detector (Carlo Erba, Milan, Italy), and a temperature-
controlled oil bath (Haake, Germany). The temperature fluctuations
were about 0.02°C in 1 day and the gradient along the column was less
than 0.05°C. The inlet pressure was controlled by reference to atmospheric
pressure. The fluctuations were about 0.5 mbar in 1 day. The flow rate
was measured using a soap bubble flow meter with optical detection of
the bubbles providing a time resolution of 0.02 sec. After correction for
the variations of atmospheric pressure, ambiant temperature, and water
partial pressure, the accuracy of the flow measurements was about 0.5%
at the 95° confidence level.

The sample was introduced either as a liquid with a Hamilton 701
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microsyringe or as a gas with a Carlo Erba sampling valve. The signal
was recorded on a conventional paper recorder but the retention time was
measured directly on a chronometer which is started at the injecticn time
and stopped at peak maximum by a mechanical device mounted on the
recorder. This device introduces a small time lag, so the accuracy of time
measurements, determined by comparison to a more precise system (8),
is 1% at the 95% confidence level. The reproducibility is about 0.1%
(relative standard deviation).

In the experiments reported here, the 1-m long, 1/8 in. i.d. column was
packed with Chromosorb P, 80-100 mesh, coated by 209, w/w Squalane
(Supelco). The solute was n-pentane (Fluka, technical grade, 999, pure).
The temperature was set at various values between 30 and 48°C, and
the pressure was between 295 and 577 Torr.

RESULTS AND DISCUSSION

When the sample size is increased from very low values, the retention
time, of the peak maximum varies and the peak height increases, the
maximum concentration at first being proportional to the sample size but
then increasing more slowly as the peak width increases. The experimental
conditions (T, p) were kept constant for each curve. Figures 1 and 2 show
the variation of the retention time of peak maximum vs the corresponding
concentration, given in mole fraction, and determined from a previous
calibration of the detector. In Fig. 1 the temperature is the same for all
curves, but the inlet pressure is different; the retention times have been
related to the one obtained for zero sample size by extrapolation of the
measurements. In Fig. 2 the pressure is the same for all curves, the tem-
perature is different, and the absolute retention times are given.

Figure 1 shows that at constant temperature (P° constant) the reten-
tion time has a marked minimum for a rather large mole fraction at small
values of the pressure gradient and that, when this gradient increases,
the minimum is less and less apparent, occurs at lower and lower mole
fractions, and eventually disappears above some value of the pressure
gradient. Conversely, Fig. 2 shows that for a constant pressure gradient
there is no minimum in retention time at low temperatures; a minimum
appears at some critical temperature, above which it becomes more and
more important, and occurs at larger and larger mole fractions. This
behavior shows that the sorption effect dominates the elution at high
temperatures and low pressure gradients. At low temperatures and large
pressure gradients, the isotherm effect is the major one.
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FiG. 1. Variation of the retention time of the peak maximum vs the corre-

sponding mole fraction. Maximum mole fractions are changed by using

different sample sizes. #, is the retention time observed under the same experi-

mental conditions with a zero sample, Temperature: 42°C. Column inlet

pressure; (1) 577 Torr; (2) 500 Torr; (3) 432 Torr; and (4) 295 Torr. Outlet
pressure: atmospheric.

This behavior seems to have been overlooked in the literature up to now,
probably because the variations in retention time observed are relatlvely
small (less than a few percent in most cases).

The existence of a minimum in the retention time can be explained by
our model, The experiments have been carried out in the transition range.
At low pressure gradients all the local stability diagrams along the column
are similar and the peak shape is not very different from the one obtained
with a zero pressure gradient (2). Figure 4 of Ref. 2 shows the variation
in shape during elution of a rectangular band at constant sample size with
variable column length. Here the column length is constant while the
sample size increases. As for small sample sizes, the sorption effect
dominates, a front shock will appear, and the peak maximum is at the
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FiG. 2. Same as Fig. 1. Inlet pressure: 577 Torr. Outlet pressure: atmospheric.
Temperature: (1) 30°C; (2) 36°C; (3) 38°C; (4) 40°C; (5) 42°C; (6) 44°C;
and. (7) 48°C.

front of the peak; when the sample size increases, the front shock moves
faster and faster and the retention time decreases as long as we are in the
case described by Fig. 4 (Ref. 2). The situation changes when the existence
of a rear shock becomes possible. Then the peak height increases suddenly
and, as the top of the rear shock is the peak maximum, the retention time
begins to increase. This is illustrated by Fig. 3 which gives the shape of
larger and larger rectangular injections and of the corresponding elution
profiles. As the diffusion and mass-transfer kinetics relax the profiles,
the actual variation of £y vs X is smoothed as shown in Figs, 1 and 2,

Figure 1 shows also that at constant peak height the retention time
increases with increasing pressure gradient. This illustrates how the pres-
sure gradient enhances the isotherm effect. Dividing Eq. (26) by Eq. (27)
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FiG. 3. Variation of the retention time of peak maximum with the sample size.
(@) Injection profiles. (b) Variation of peak profile and of the position of peak
maximum (Curve A).

gives
Ix _ F 1+ k1 -% 1 3p? dp (38)
to J1 X k' dXx 1+ ko' PP —1
SR T+ Rk =X

As the mole fractions used here are small (X < 0.05), we can assume the
exponential term to be unity. At constant X the variation of #4/t, is the
same as that of:

1

1 P
T = ﬁs_——_lj k' d(P3) (39)

k' is a function of pressure which increases with increasing P, hence P?
[the definition of k' is k' = (dn AL/BnAG)I, (D). Thus k' is constant as long as
the solution follows Henry’s law, then it increases. Therefore the model
predicts correctly that #,/t, will increase with P at constant mole fractions.

These results also demonstrate that linear chromatography is an ideal
model, which is not in agreement with experiment. Integration of Eq. (33),
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using the same method as the one resulting in Eq. (36), gives

=t _ ko [ Yo Js*

Equation (40) shows that even for small sample sizes the retention time
does vary with the sample size, the relative variation in retention time
being proportional to the concentration at the peak maximum. This effect
should be taken into account in accurate measurements (§). When the
retention is large (ky' ~ 1 + k") and the vapor pressure of the solute is
also large, so that the isotherm effect is negligible, Eq. (40) becomes

Atgfty = —2X (41)

which has been suggested previously by Littlewood (9).

Finally, it is possible, using Eq. (36), to measure the curvature of the
isotherm at infinite dilution. Figures 1 and 2 show that the limiting
transition point (fz minimum for X = 0) is obtained at T = 42°C and
P; — P, = 577 Torr. These conditions are those for which Eq. (36) is
valid, which gives

PO [
Yy = 27°°<1 Py ) @2)
J3

since Y, = y®. For n-pentane at 42°C, P° = 1.22 atm. For an inlet
pressure of 577 Torr, P = 1.76 and j,* = 1.45. The variation of the activity
coefficient of n-pentane in squalane has been determined by Ashworth and
Everett (10) using static measurements. Their results are thus completely
independent of chromatography. Their measurements can be represented
by using the Wilson equation (6). After optimization of the parameters
of the Wilson equation, the following results are obtained at infinite
dilution:

p® = 0.62

v Al Ay _
Y, = 2<EA7Z>XL=O = 0.58

Introducing this value of y* and the other data of Eq. (42) gives
Y,” = 0.59

The agreement between the results of static measurements and gas chro-
matography is thus excellent, as is often the case for solutions of hydro-
carbons where adsorption at the various interfaces can be neglected.
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Gas chromatography offers not only a simple method of measurements
of the activity coefficient at infinite dilution, but also a method of mea-
surement of the curvature of the isotherm. The method of the limiting
transition point is almost as simple to use as the chromatographic method
of determination of the activity coefficient at infinite dilution. The ad-
vantage over other nonchromatographic methods is the very short time
necessary for the experimental work, which is also very simple. In addi-
tion, precision and accuracy are not limited by the size of the sample or
the concentration used. The advantage over other chromatographic
methods is that a calibration of the detector is not necessary since only
measurements of retention times are made. Although these measurements
are carried out using samples of various sizes, a normal analytical instru-
ment can be used, provided the column is isothermal, which is rare with
commercial equipment (/]), and the assumptions usually made in analyti-
cal chromatography remain valid; i.e., the column temperature and the
pressure profile are not modified during the elution, and the peak is sym-
metrical in the most interesting range, so that diffusion and mass-transfer
kinetics do not change the retention time and the method described above
is valid even when the contribution of these phenomena to band spreading
is not negligible. Finally, the method takes into account the pressure
gradient so there is no objection to the use of a column with low per-
meability (as are most efficient columns), and the calculations are very
simple, '

The main drawback of the method is that it works well only if the column
outlet pressure is of the same order of magnitude as the vapor pressure
of the compound studied, so when isotherms are to be studied at tem-
peratures very different from the boiling point, the outlet pressure should
be adjusted to a value different from atmospheric pressure.

Nevertheless, gas chromatography provides us with a very useful method
to determine the characteristics of the isotherm at infinite dilution: y®
and dy®/dX", As the Wilson equation depends on two parameters only,
that should be enough, in principle, to know all the characteristics of the
binary solution. The accuracy of this method is presently under study.
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